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Abstract. Martingale solutions of the stochastic Navier-Stokes equations in 2D and 3D 
possibly unbounded domains, driven by the Levy noise consisting of the compensated time 
homogeneous Poisson random measure and the Wiener process are considered. Using the 
classical Faedo-Galerkin approximation and the compactness method we prove existence 
of a martingale solution. We prove also the compactness and tighness criteria in a certain 
space contained in some spaces of cadlag functions, weakly cadlag functions and some 
Frechet spaces. Moreover, we use a version of the Skorokhod Embedding Theorem for 
nonmetric spaces. 

Keywords. Stochastic Navier-Stokes equations, martingale solution, Poisson random mea- 
sure, compactness method. 

2000 Mathematics Subject Classification. Primary: 35Q30; Secondary: 60H15 and 
76M35 



1. Introduction 

Let ^ C M'^ be an open connected possibly unbounded subset with smooth boundary d &, 
where d = 2,3. We will consider the Navier-Stokes equations 

du{t)= [Am- (m- V)M + V/? + /(f)] + J F{t,u)f]{dt,dy) 

+G{t,u{t))dW{t), te[0,T], (1) 
in i?, with the incompressibility condition 

divM = 0, (2) 

the initial condition 

m(0) = MO, (3) 

and with the homogeneous boundary condition u^gg- = 0. In this problem u = u{t,x) = 
{ui{t,x),...Ui;i{t,x)) and p = p{t,x) represent the velocity and the pressure of the fluid, 
respectively. Furthermore, / stands for the deterministic external forces. The terms 

F [t ,u)'f\{dt ,dy), where fj is a compensated time homogeneous Poisson random mea- 
sure on a certain measurable space {Y,'3^), and G{t,u{t))d'W{t), where W is a cylindrical 
Wiener process on some separable Hilbert space Yw, stand for the random forces. 
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The problem ([TJ-([3]i can be written as the following stochastic evolution equation 

du{t) +s^u{t)dt+B(u{t))dt ^ f{t)dt + j F{t,u{r);y)f]{dt,dy) 

+G{t,u{t))dW{t) te[0,T], 
m(0) — uq. 

We will prove the existence of a martingale solution of the problem dT]!-© understood 
as a system (H, J^,P,F,TJ,W, m), where (n,jF,P,F) is a filtered probability space, T] is a 
time homogeneous Poisson random measure, W is a cylindrical Wiener process and u — 
{ut)te[OT] is ^ stochastic process with trajectories in the space D([0,r],//,y) r]L?{0,T;V) 
and satisfying appropriate integral equality, see Definition |4.2| in Section |4!2] Here, V and 
H denote the closures in H^{^,W') and L^{ff,W'), respectively of the space Y of the 
divergence-free valued vector fields of class '<f°° with compact supports contained in 
^. The symbol ©([O, T],Hw) stands for the space of H valued weakly cadlag functions. 

To construct this solution we use the classical Faedo-Galerkin method, i.e., 



M„(0) =PnU0. 

The solutions u„ to the Galerkin scheme generate a sequence of laws {^(m„), n e N} 
on appropriate functional spaces. To prove that this sequence of probability measures is 
weakly compact we need appropriate tightness criteria. 

We concentrate first on the compactness and tightness criteria. If the domain ^ is un- 
bounded, then the embedding V C H is not compact. However using Lemma 2.5 in [16], 
see Appendix C, we can find a separable Hilbert space U such that U CV, the embedding 
being dense and compact. 

We consider the intersection 



where q £ (1,°°)- (The letter w indicates the weak topology.) By D([0,r];f/') we de- 
note the space of f/'-valued cadlag functions equipped with the Skorokhod topology and 
L'5'(0, T\Hii,c) stands for the Frechet space defined by (l24l). see Section [J!2l 

Using the compactness criterion in the space of cadlag functions, we prove that a set J€ is 
relatively compact in if the following three conditions hold 

(a) for all u E J(f and all t G [0, T], u{t) E H and supj,gj^x sup^.g[o r] < °°' 

(b) sup„g^ /o^||M(s)||^c/5 <oo, i.e. ^ is bounded in L'?(0,r;y), 

(c) lira s^QSup^^ J. W[Qj]^u,{u- 5) =0. 

Here j-j j//(m; 5) stands for the modulus of the function u : [0,T] — > U'. The above 
result is a straightforward generalization of the compactness results of Q and ll25l . In 
the paper |25| the analogous result is proved in the case when the embedding V C H is 
dense and compact (in the Banach space setting). In [9] the embedding V C H is only 
dense and continuous. However, instead of the spaces of cadlag functions, appropriate 
spaces of continuous functions are used. The present paper generalizes both |9| and |25l 
in the sense that the embedding V C H is dense and continuous and appropriate spaces of 



du„{t) 



'P„£/u„{t)+B„{u„{t))-P„f{t)] dt 




iT, Lf,(o, r; y) n L^(o, r; //,„,) n ©( [0, r] ; f/') n ©( [0, r] , , 
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cadlag functions are considered, i.e. D([0, r];f/') and D{[Q,T],Hk)- This approach were 
strongly inspired by the results due to Metivier and Viot, especially the choice of the spaces 
D{[0,T];U') andD([O,r],i/,„0, see ED and f22l. It is also closely related to theresuhdue 
to Mikulevicius and Rozovskii ||24| and to the classical Dubinsky compactness criterion, 
ll28ll . However, both in ll28ll and ll24ll . the spaces of continuous functions are used. 

Using the above deterministic compactness criterion and the Aldous condition in the form 
given by Joffe and Metivier [191 . see also [22], we obtain the corresponding tightness 
criterion for the laws on the space see Corollarv l3.5l 

We will prove that the set of probalility measures induced by the Galerkin solutions is tight 
on the space iF, where 

3f -.^ Ll{0,T;V)nL\0,T-Mioc)nD{[0,T]-M')nD{[0,T]-M^.), 

which is not metrizable. Further construction a martingale solutions is based on the Sko- 
rokhod Embedding Theorem in nonmetric spaces. In fact, we use the result proved in [25 1 
and following easily from the Jakubowski's version of the Skorokhod Theorem ifTSl and 
the version of the Skorokhod Theorem due to Brzezniak and Hausenblas |'6'|, see Appendix 
B. This will allow us to construct a stochastic process m with trajectories in the space 3f, a 
time homogeneous Poisson random measure fj and a cylindrical Wiener proces W defined 
on some filtered probability space (H, ^,P,F) such that the system (A, ^,P,F, fj, W, S) 
is a martingale solution of the problem ([U-©. In fact, m is a process with trajectiories in 
the space 3f. In particular, the trajectories of u are weakly cadlag if u is considered as a 
//-valued process and cadlag in the bigger space U\ 

The Navier-Stokes equations driven by the compensated Poisson random measure in the 
3D bounded domains were studied in Dong and Zhai lITSl . The authors consider the mar- 
tingale problem associated to the Navier-Stokes equations, i.e. a solution is defined to be 
a probability measure satisfying appropriate conditions, see Definition 3. 1 in ilTSl . The 2D 
Navier-Stokes equations were considered in ||T4| . |[T3l and ||29l . In the present paper, using 
a different approach we generalize the existence resuls to the case of unbounded 2D and 
3D domains. Moreover, we consider more general noise term. 

Stochastic Navier-Stokes equations in unbounded 2D and 3D domains were usually con- 
sidered with the Gaussian noise term, see e.g. fT2\, fTT\, fE\ and [9|. Martingale solutions 
of the stochastic Navier-Stokes equations driven by white noise in the whole space R'', 
{d > 2), are investigated in ||24|| . 

The present paper is organized as follows. In Section |2] we recall basic definitions and 
properties of the spaces and operators appearing in the Navier-Stokes equations. Section 
[3] is devoted to the compactness and tightness results. Some auxilliary results about the 
Aldous condition and tightness are contained in Appendix A. Precise statement of the 
Navier-Stokes problem driven by Levy noise is contained in Section l4~2l The main The- 
orem about existence of a martingale solution of the problem ([T])-© is proved in Section 
|5] Some versions the Skorokhod Embedding Theorems are recalled in Appendix B. In 
Appendix C we recall Lemma 2.5 in [16.1 together with the proof. 
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2. Functional setting 

2.1. Basic definitions. Let ^ c ffi'' be an open connected subset with smooth boundary 

dff,d = 2,3. Let 

r ~ {m e : divM = 0}, 

// : = the closure of rin ( M'' ) ^ (4) 

y the closure of rin//i(^,R''). (5) 

In the space H we consider the scalar product and the norm inherited from L^(^?,M^') and 
denote them by and | • \h, respectively, i.e. 

:= («k)z,2' |m|// := ||M|li2, u,veH. 
In the space V we consider the scalar product inherited from the Sobolev space H^{&, M''), 



I.e. 

where 

and the norm 



where ||m||^ := \\Vu 



(«|v)y-(«k)L2 + ((«|v)), (6) 
((M|y)) (VM|Vy)^„ u,veV. (7) 

\\u\\l:^\u\jj + \\u\\\ (8) 



L2- 

2.2. Tlie form b. Let us consider the following three-Unear form, see Temam ll27l . 

b{u,w,v) — / (u-Vwjvdx. 

Jff 

We will recall those fundamental properties of the form b that are valid both in bounded 
and unbounded domains. By the Sobolev embedding Theorem, see |[T|, and the Holder 
inequality, we obtain the following estimates 

|^(m,w,v)| <c||M||^,||w||;,||y||y, M,w,v€y (9) 

for some positive constant c. Thus the form b is continuous on V , see also [27|. Moreover, 
if we define a bilinear map B by B(m,w) := b{u,w, •), then by inequality (|9]l we infer that 
B{u,w) GV' for all u,w £V and that the following inequality holds 

|B(m,w)|v./ <c|1m|1;,||w||;„ u,weV. (10) 

Moreover, the mapping B : V x V ^ V' is bilinear and continuous. Let us also recall the 
following properties of the form b, see Temam |27 |, Lemma 11.1.3, 



In particular. 

Hence 

and 



b{u,w,v) — ~b{u,v,w), u,w,v£V. 
b{u,v,v) —0 M,v' G y. 
{B{u,w)\v) =-{B{u,v)\w), u,w,v€V 



(B(m,v)|v) =0, u,veV. (11) 
Let us, for any m > define the following standard scale of Hilbert spaces 
V,n := the closure of f in H"'{ff,W'). 
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lfm> 5 + 1 then by the Sobolev embedding Theorem, see fll. 



where '^;,(€?,]R ) denotes the space of R -valued continuous and bounded functions de- 



fined on ^. If M, w e y and v S V,„ with m> j + 1 then 

|fe(M,M',v)| = |fo(M,V, w)| = V / UiW— — dx 

< II«IIL2||W||^2||VV||^„<C||M||^2|1W|1^2|1V||^,,,, 

for some constant c > 0. Thus, b can be uniquely extented to the three-linear form (denoted 
by the same letter) 

b:HxHxV,n^M. 

and |^(m, w, v)| < c||m||^2 ||w||^2 1| for m,w G H and v G V,n- At the same time the operator 
B can be uniquely extended to a bounded bilinear operator 

B://x//^y„',. 

In particular, it satisfies the following estimate 

|fi(M,w)|v;, < c|m|^|w|^, u,weH. (12) 

See Vishik and Fursikov ll28l . We will also use the following notation, B{u) B{u,u). Let 
us also recall the well known result that the map B : V — > V' is locally Lipschitz continuous, 
i.e. for every r > there exists a constant L, such that 

\B{u) — B{u)\y, < Lr\\u ~ u\\y, u,u£V, ||M||y, llfijly < r. (13) 

2.3. The space U and some operators. We recall operators and their properties used 
in |]9]. Here we also recall the definition of a Hilbert space U compactly embedded in 
appropriate space Vm- This is possible thanks to the result due to Holly and Wiciak, |16 | 
which we recall with the proof in Appendix C, see Lemma 18.11 This space will be of 
crucial importance in further investigations. 

Consider the natural embedding j :V ^ H and its adjoint j* : H ^ V. Since the range of 
j is dense in H, the map j* is one-to-one. Let us put 

D{A) ■.= j*iH)(lV, 

Au -.^{fy^u, ueD{A). (14) 

and 

£/m:= ((m|-)), mGV, (15) 
where ((• | •)) is defined by (|7]l. Let us notice that if m G V, then jz/m G V' and 

\£/u\v' < ||m|| . 

Indeed, this follows immediately from ([8]l and the following inequalities 

|(Hv))|<||«M|v||<||«||(||v||2 + H2,)i^||«||.||v||^, vgV. 



Lemma 2.1. (Lemma 2.2 in Q) 
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(a) For any u € D{A) and v G V : 

((A-/)«|v)^ = ((m|v))=(^«|v), 

where I stands for the identity operator on H and ( | ) is the standard duality pair- 
ing. In particular, 

\£/u\v' < \{A-I)u\h. 

(b) D{A) is dense in H. 

Proof. To prove assertion (a), let u € D{A) and v € V. Then 

iAu\v)fj = iu*y^u\v)fj = = {j*u*y^u\v)y = {u\v)y 

= Mh + ((«l^)) = + (-^^l^) • 

Let us move to the proof of part (b). Since V is dense in H, it is sufficient to prove that 
D{A) is dense in V. Let w eV he an arbitrary element orthogonal to D{A) with respect to 
the scalar product in V. Then 

[u\w)y=0 for ueD{A). 

On the other hand, by (a) and (m|w)j^ = (Au\w)^ for u G D{A). Hence (Am|w)^ = 
for u G D{A). Since A : D{A) — > // is onto, we infer that w = 0, which completes the 
proof. □ 

Let us assume that m> 1 . It is clear that V,„ is dense in V and the embedding j,„ :V,„^V 
is continuous. Then by Lemma lsTl in Appendix C, there exists a Hilbert space U such that 
U C Vm, U is dense in V,,, and 

the natural embedding im'.U ^ Vm is compact . (16) 

Then we have 

., ./ ' 

f/^V,«^V^// = ff '^Kj-^f/ . (17) 

Since the embedding i„, is compact, i,'„ is compact as well. Consider the composition 

I '-^ j°jm°lm -.U^H 

and its adjoint 

Note that i is compact and since the range of i is dense in //, i* : H U is one-to-one. 
Let us put 

D{L) ■.^1*{H)CU, 

Lu ■.^{i*y\, ueD{L). (18) 

It is clear that L : D{L) ^ H is onto. Let us also notice that 

(Lm|w)^ = (m|w)j^, ueD{L), weU. (19) 

By equality ( fT9l ) and the densiness of U in H, we infer similarly as in the proof of assertion 
(b) in Lemma lTTI that D{L) is dense in H. Moreover, for u G D{L), 

Lu = (i,:oy;o/)-^=.Ao (;■;)-' o(i;)-'m, 

where A is defined by (fl4l l. 
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Since L is self-adjoint and L^' is compact, there exists an orthonormal basis {ei},£p^ of H 
composed of the eigenvectors of operator L. Let us fix n e N and let P„ be the operator 
from U' to span{ei,...,e„} defined by 

P„u* ■.= f^{u*\ei)ei, u*eU\ (20) 
1=1 

where ^-j ) denotes the duality pairing between the space U and its dual U'. Note that the 
restriction of P,, to H, denoted still by P„, is given by 

n 

P„M = ^ (M|e,)^e;, ueH, 

i=l 

and thus it is the (•| )^-orthogonal projection onto span{e\. ...,e„}. Restrictions of P„ to 
other spaces considered in ( fTTI i will also be denoted by P„. Moreover, it is easy to see that 

{Pnu*\v)^ = {u*\p„x), u*eu', veu. 

It is easy to prove that the system { ^^|^ } ^^j^ is the ( • | • ) ^ -orthonormal basis in the space U 

and that the restriction of f„ to U is the (•|-)j^-projectiononto the subspace s/?fln{ei, ...,e„}. 
In particular, for every u £ U 

(i) : lim„^oc||P„M-M||f/ = 0, 

(ii) : lim„^«, \\PnU — u\\v,„ = 0' where m> 0, 

(iii) : hm„_^oc \\P„u - u\\y = 0. 

See Lemma 2.4 in ||9l for details. 

We will use the basis {e,},gpj and the operators f„ in the Faedo-Galerkin approximation. 

3. Compactness results 

3.1. The space of cadlag functions. Let (§, p ) be a separable and complete metric space. 
Let I])([0,r];S) the space of all S-valued cadlag functions defined on [0,T], i.e. the 
functions which are right continuous and have left limits at every f e [0,T] . The space 
D([0, T];S) is endowed with the Skorokhod topology. 



Remark 3.1. A sequence (u„) C ©([Ojr];^) converges to u € D([0,7'];§) iff there exists a 
sequence {X„) of homeomorphisms of [0, T] such that A,„ tends to the identity uniformly on 
[0, T] and u„ o A„ tends to u uniformly on [0, T]. 



This topology is metrizable by the following metric 5t 

5t{u,v):~ inf sup p (^u{t),v o X{t)) + sup |f — A(f)| +sup log 

where Aj is the set of increasing homeomorphisms of [0, T]. Moreover, 
(D([0, r];§), Sr) is a complete metric space, see [19j . 



X{t)-X{s) 



t-s 



Let us recall the notion of a modulus of the function. It plays analogous role in the space 
D([0, as the modulus of continuity in the space of continuous functions C([0, r];§). 
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Definition 3.1. (see |i22J) Let u e D([0, T]; S) and let 5 > be given. A modulus of u is 
defined by 

w'fo r] s(«:5) inf max sup p (u{t),u{s)) , (21) 
r,G(B (;<.v<,<r,.^,<r 

where Ylg is the set of all increasing sequences O) = {0 = fo < fi < ... < t„ = T} with the 
following property 

ti+i—ti> 5, / = 0, 1, ...,n — 1. 
If no confusion seems likely, we will denote the modulus by j-j (m, 5). 

We have the following criterion for relative compactness of a subset of the space D( [0, T] ; S), 
see lfT9l . ll22l . Ch.II, and HJ, Ch.3, analogous to the Arzela-Ascoh Theorem for the space 
of continuous functions. 



Theorem 3.2. A set A C ©([O, T];S) has compact closure iff it satisfies the following two 
conditions: 

(a) there exists a dense subset J C [0, T] such that for every t € J the set {u{t), m e A} 
has compact closure in §. 

(b) Umg^o sup„g^ wp^r] (m, 5) = 0. 

3.2. Deterministic compactness criterion. Let us recall that V and H are Hilbert spaces 
defined by (|4ll-(|8]l. Since is an arbitrary domain of R'', {d = 2,3), the embedding V ^ H 
is dense and continuous. We have defined a Hilbert space U CV such that the embedding 
U is dense and compact, see ( fT6] l. In particular, we have 

U^V^H = H'^U', 

the embedding H ^ U' being compact as well. Let be a sequence of open and 

bounded subsets of with regular boundaries di?R such that i^R C ^r+i and Ur=i ^ff = 
We will consider the following spaces of restrictions of functions defined on to 
subsets i?R, i.e. 

Hffj, {m|^^; m e i/} := {v,^^; v e V} (22) 

with appropriate scalar products and norms, i.e. 

(u\v)„ :— / uvdx, u,veHff„, 

(u\v),, :— / uvdx+ / VuVvdx, m,v€EVV„ 
^ '^^R .Jf/R Jen 

and |m|^^ ("I")// for u € //^^ and ||M||y^^ {u\u^y for m e Vff^^. The symbols 
7/^^ and V'ff^ will stand for the corresponding dual spaces. 

Since the sets Gr are bounded, 

the embeddings Ve^ ^ Hg^ are compact. (23) 
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Let q e (1,°°)- Let us consider the following three functional spaces, analogous to those 
considered in ||25| and see also 1221 , ll23l : 

ID){[0,r],t/') := the space of cadlag functions M : [0,r]^f/' with the 
topology cf?! induced by the Skorokhod metric dr , 
Ll{OJ;V) := the space L'?(0, r;y) with the weak topology ^, 
L'^{Q,T;Hi„c) :— the space of measurable functions m : [0, T] —> i/ 
such that for all e N 

Pt,r («):= Mlmoj-Hf^^)-^ {J^ j^Hf^x)\''dxdty <oo^ (24) 
with the topology 5^ generated by the seminorms 
(pr.ff)ffeN- 

Let H„ denote the Hilbert space H endowed with the weak topology. Let us consider the 
fourth space, see ||25l . 

D([0, T];Hn.) the space of weakly cadlag functions u: [0,T] H with the 

weakest topology ,% such that for all h E h the mappings 

D([0,r]; //,,) 3u^ {u{-)\h)fj e D([0,r];M) are continuous. (25) 
In particular, u„-^um ©([O, T];Hw) iff for all heH: 

{u„{-)\h) (u{-)\h) ^ inthespace ©([0,r];R). 
Let us consider the ball 

Let B„, denote the ball B endowed with the weak topology. It is well-known that the B,j, is 
metrizable, see |5l. Let qr denote the metric compatible with the weak topology on B. Let 
us consider the following space 

D([0, r];B,v) = the space of weakly cadlag functions u : [0, T] — > // 

and such that sup^^p j-j |M(f)|// < (26) 

Then D([0, r];B„,) is metrizable with 



Sr.riujv) — inf < sup qr{u{t),vo X{t))+ sup |f — A(f)|+sup 



log- 



t-s 



(27) 



Since by the Banach-Alaoglu Theorem Bw is compact, (D([0, r];Bw), 5r^r) is a complete 
metric space. 

The following lemma says that any sequence (m„) C L°°(0, convergent in 
D([0,r];;7') is also convergent in the space ©([0, r];B,,). 

Lemma 3.3. {see Lemma 4.3 in 0251 ) Let Un '■ [0, T] ^ H, n eN, be functions such that 

(i) sup„eNSup,g[o,7-] \u„{s)\fj < r, 

(ii) Un^uinI]){[Q,T];U'). 

Then u,u„ G D([0, r];BH,.) and u„ — > u in ID)([0, r];Bn,) as n ^ °°. 
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We recall the proof in Appendix E. 

The following Theorem is a generalization of the results of f9] and f25\. In the paper f25\ 
the analogous result is proved in the case when the embedding V CH is dense and compact. 
In ||9l the embedding V C H is only dense and continuous. However, instead of the spaces 
of cadlag functions, appropriate spaces of continuous functions are used. The following 
result generalizes both [91 and |25| in the sense that the embedding V C H is dense and 
continuous and appropriate spaces of cadlag functions are considered, i.e. 3{[0,T];U') 

andD([0,r],i/,,)- 

Theorem 3.4. Let q £ (1,°°) and let 

:=L?,(0,r;y)nL''(0,r;//foe)nD([0,r];f/')n©([0,r],i/,,) (28) 

and let !^ he the supremum of the corresponding topologies. Then a set J(f C is S/'- 
relatively compact if the following three conditions hold 

(a) for all u e and all t g [0, T], u{t) € H and sup^^^^ supj^p j-j \u{s) |^ < oo, 

(b) supyg^ \\u{s)\\yds < °a, i.e. J(f is bounded in W {Q^T;V), 

(c) lim5^oSup„e.jj.W[o.7'].j//(M;5) ==0. 

Proof. We can assume that is a closed subset of i^y. Because of the assumption 
(b), the weak topology in Lk{Q^T;V) induced on S'^ is metrizable. Since the topol- 
ogy in L'^{Q,T;Hioc) is defined by the countable family of seminorms (l24l l. this space 
is also metrizable. By assumption (a), it is sufficient to consider the metric subspace 
D([0,r];B„,) C D([0,r],//„,) defined by ^ and ^ with r := sup„gj^x sup^g^.j-j \u{s)\h. 
Thus compactness of a subset of Sfg is equivalent to its sequential compactness. Let (m„) 
be a sequence in J(f. By the Banach-Alaoglu Theorem condition (b) yields that the set JJT 
is compact in Lt{0, T;V). 

Using the compactness criterion in the space of cadlag functions contained in Theorem 
13.21 we will prove that (m„) is compact in D([0, T];U'). Indeed, by (a) for every t E [0, T] 
the set {u„{t),n E N} is bounded in H. Since the embedding H C U' is compact, the set 
{un{t),n E N} is compact in U'. This together with condition (c) implies compactness of 
the sequence (m„) in the space B([0, T];U'). 

Therefore there exists a subsequence (m„^) C (m„) such that 

Un.^u in Lj(,(0,r;y)nl])([0,r];f/') as ^ oo. 

Since m„j m in D([0, r];f/'), M„^(f) —> M(f) in U' for all continuity points of function u, 
(see H). By condition (a) and the Lebesgue dominated convergence theorem, we infer 
that for all p G [l,oo) 

M„^->M in L'\OJ;U') as fe^oo. 

We claim that 

u„i^^u in L'' {Q,T;Hioc) as k^°a. 
In order to prove it let us fix /? > 0. Since, by ( |23l ) the embedding Vf/^, ^ //(^^ is compact 
and the embeddings //^^ ^ H' ^ U' are continuous, by the Lions Lemma, 1,20] . for every 
£ > there exists a costant C = Q j; > such that 

|"||f^^<e||«||^,^+Q|«|^„ uEV. 
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Thus for almost all s E [0, T] 

\un^{s)-u{s)\l^^^ < e\\u„^{s) ~ u{s)\\l^^^^ +Ce\u„^{s)-u{s)\l,, keN, 

and so for all A: G N 

ll"n<r ^ "\\L1{0.T;Hff^) - ^ll""<r ^ "IIl«(OT;V^^) ^ '^\\li{O.T;U')- 

Passing to the upper limit as A; — in the above inequality and using the estimate 
where c,, = sup„g^ ll«llw(OT;y)' 



By the arbitrariness of e, 



limsup||M„^ -m||^,((,^.^^ j <2qc^e, 



The proof of Theorem is thus complete. □ 
3.3. Tightness criterion. Let us recall that f/,y,i/ are separable Hilbert spaces such that 

where the embedding [/ ^ V is compact and V H is, continuous. Using the compactness 
criterion formulated in Theorem l3.4l we obtain the corresponding tightness criterion in the 
space S^q. Let us first recall that the space is defined by 

ir,:=L^;,(o,r;y)nL^(o,r;//,„,)nD([o,r];f/')nD([o,r],//„,) 

and it is equipped with the topology 5^, see i 



Corollary 3.5. (tightness criterion) Let {X„)^^^ be a sequence ofcadldg ¥-adapted U'- 
valued processes such that 

(a) there exists a positive constant C\ such that 

SUpE[ sup \Xn{s)\H\ <Cl, 

«gn sG[o,r] 



(b) there exists a positive constant C2 such that 



T 



supE / \\Xn{s)\\lds 



<C2, 



(c) (^n)„gN satisfies the Aldous condition [A] in U'. 

Let P„ be the law ofX„ on 2fq. Then for every £ > there exists a compact subset Kg of 
such that 

We recall the Aldous condition [A] in Appendix A, see Definition l6.2l The proof of Cor- 
rollarv [33] is postponed to Appendix A, as well. 
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4. Stochastic Navier-Stokes equations driven by Levy noise 

4. 1 . Time homogeneous Poisson random measure. We follow the approach due to Brzezniak 
and Hausenblas Q, see also lEl and ESJ. Let us denote N := {0,1,2,...}, N := 
NU {oo}, R+ := [0,°o). Let {S,.y) be a measurable space and let be the set of all 

N valued measures on {S,y). On the set we consider the ff-field ^^{S) defined 

as the smallest <7-field such that for all B E S^: the map 

is measurable. 

Let (r2,^,P) be a complete probabihty space with filtration F \ — {^t),>o satisfying the 
usual hypotheses, see 11211 . 



Definition 4.1. (see Appendix C in [7|). Let (Y,?V) be a measurable space. A time 
liomogeneous Poisson random measure tj on (F, ^) over (n,^,F,P) is a measurable 
function 

TJ : JT) ^ (M^(R+ X y),^5^(M+ x Y)) 

such that 

(i) for all B e ^(R+) ® 77(B) /b o 77 : il N is a Poisson random measure 
with parameter E[rj (B)] ; 

(ii) T] is independently scattered, i.e. if the sets Bj e ^(M+)(X)^^, j — are 
disjoint then the random variables ri{Bj), j = 1, ...,n, are independent; 

(iii) for all f/ e the N-valued process (A^(f defined by 

N{t,U):=ri{{0,t]xU), t>0 

is F-adapted and its increments are independent of the past, i.e. if f > i > 0, then 

N{t,U)-N{s,U) = ri{{s,t] X U) is independent of 

If T] is a time homogeneous Poisson random measure then the formula 

v(A) :=E[t7((0,1] xA)], Ae^ 

defines a measure on {¥, called an intensity measure of tj . Moreover, for all T < 00 and 
edlAeiV such that E[Tj((0,r] x A)] < 00, the R-valued process {N{t,A)\^^Q ^ defined 
by 

Nit,A) 77((0,f] X A)-rv(A), t e (0,r], 

is an integrable martingale on (fi,^,F,P). The random measure / (8) v on ^(R+) (g) 'W , 
where I stands for the Lebesgue measure, is called an compensator of r\ and the difference 
between a time homogeneous Poisson random measure 77 and its compensator, i.e. 

fj := T7-Z(Kiv, 

is called a compensated time homogeneous Poisson random measure. 

Let us also recall basic properties of the stochastic integral with respect to fj, see fTl, 
U?! and [261 for details. Let H be a separable Hilbert space and let be a predictable 
a-fieldon [0,r] x£2. Let £2 ^(^(g) (g)P(8) v;H) be a space of all H-valued, S^^-W- 
measurable processes such that 



E 



<^ 00. 
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If ^ G S'lji^ <E) (g)P(g) v;ll) then the integral process Jq fY^{s,-,y)fl{ds,dy), t G 
[0,r], is a cadlag L^-integrable martingale. Moreover, the following isometry formula 
holds 

rt 



Us,-,y)fi{ds,dy) 



2 ■ 










[/'/ 


H. 




Uo JY 



\^{s,;y)\\ldsdviy) ,fe[0,r]. (29) 



70 JY 

4.2. Statement of the problem. Problem Q-© can be written as the following stochas- 
tic evolution equation 

du{t) +[£/u{t)+B{u{t))]dt ^ f{t)dt + J F{t,u(t);y)f\{dt,dy) 

+G{t,u{t))dw{t), te[oj], 

m(0) =mo. (30) 

Assumptions. We assume that 
(A.l) UQeH,feLmO,T]-V'), 

(F.l) fj is a compensated time homogeneous Poisson random measure on a measurable 
space (Y,?^) over (i2,^,F,P) with a ff-finite intensity measure v, 

(F.2) F : [Q,T] X H X Y ^ H is a measurable function such that 

Jy ll[Q}{F{t,x;y))v{dy) = for all x G // and t G [0, T]. Moreover, there exists a 
constant L such that 

J^\F{t,ui;y)-F{t,U2;y)\jiVidy)<L\ui~U2\l, uuU2 e H , t e[0,T], (31) 
and for each p G {2,4,4 + 7, 8 + 2y} there exists a constant Cp such that 

\F{t,u-y)\'ljV{dy)<Cp{\ + \u\1j), ueH, fG[0,r], (32) 



where 7 > is some positive constant. 
(F.3) Moreover, for all v G 1^ the mapping F^. defined by 

(/;(«))(r,3;):=(F(f,«(f-);y)|v)^, ueL\0,T;H), {t,y) e [0,T]xY (33) 

is a continuous from (0 , r ; // ) into ( [0 , r] x F , t/Z «) V ; R) if in the space (0 , r ; //) 

we consider the Frechet topology inherited from the space 

L2(O,r;i/,„,)-0 

(G.l) W{t) is a cylindrical Wiener process in a separable Hilbert space Y^ defined on 

the stochastic basis (n,^,F,P) ; 
(G.2) G:[0,T]xV^ ^hs{Yw,H) and there exists a constant Lg > such that 

\\G{t,u\)-G{t,U2)\\]^^^(Y^fl) <Lg\\u\-U2\\v, u\,U2eV, f G [0,r]. (34) 

Moreover there exist A, K" G M and a G (2 — 5^,2] such that 

2{s^u\u)-\\G{t,u)\\%^^^y^fj^>a\\u\\'-l\u\l-K, mgV, fG[0,r]. (35) 

(G.3) Moreover, G extends to a continuous mapping G : [0, T] x // — > ^hs^w y') such 
that 

for some C > 0. Moreover, for every v G the mapping G,. defined by 

(G,(M))(f):= (G(f,M(0)|v)^, ueL^{0,T;H), te[0,T] (37) 



Here / denotes the Lebesgue measure on the interval [0, T]. 
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is a continuous mapping from L?{0,T;H) into L^{[0,T];JfHs{Yw if in the 
space L^(0, T;H) we consider the Frechet topology inherited from the space 
lHO,T;Hi„,). 

Let us recall that the space L^(0, T;Hioc) is defined by (l24l l. For any Hilbert space E the 
symbol ^hs{Yw;E) denotes the space of Hilbert-Schmidt operators from 3% into E. 

Definition 4.2. A martingale solution of equation ( l30l l is a system 
(n,#,F,P,M,f7,W), where 

• (n,#,f ,P) is a filtered probability space with a filti-ation F = {#r},>o, 

• fj is a time homogeneous Poisson random measure on over (n,^,F,P) 
with the intensity measure v, 

• W is a cylindrical Wiener process on the space Yw over (A, ^,F,P), 

• M : [0, r] X n — is a predictable process with P - a.e. paths 

m(-,«) eD([o,r],//H,)nL2(o,r;y) 

such that for all t E [0, T] and all v e V the following identity holds F - a.s. 

{u{t)\v)^ + j'^{.<^u{s)\v)ds + j'^{B{u{s))\v)ds 

= (moIv)^ + {f{s)\v)ds + m^{Fis,ui^y,y)\v)^fl{ds,dy) 
+{J^Gis,u{s))dW{s)\v). 

We will prove existence of a martingale solution of the equation ( [30l ). To this end we use the 
Faedo-Galerkin method. The Galerkin approximations generate a sequence of probability 
measures on appropriate functional space. We will prove that this sequence is tight. Let 
us emphasize that to prove the tightness, assumption (F.2) with /:> = 2 in inequality ( l32b is 
sufficient. The stronger condition on p, i.e. inequality ( |32] | for a certain p > 4, is connected 
with the construction of the process u to deal with the nonlinear term. Assumptions (G.2)- 
(G.3) allow to consider the Gaussian noise term G dependent both on u and Vu. This 
corresponds to inequality ( l35l ) with a < 2. The case when a = 2 is related to the noise 
term G dependent on u but not on its gradient. Moreover, assumptions (F.3) and (G.3) are 
important in the case of unbounded domain i^. In the case when ^? is bounded, they can 
be omitted, see ll25l . 

5. Existence of solutions 

Theorem 5.1. There exists a martingale solution of the problem ( 1501 ) provided assumptions 
(A.l), (F.1)-(F.3) and (G.1)-(G.3) are satisfied. 

5.1. Faedo-Galerkin approximation. Let {e,}^j be the orthonormal basis in H com- 
posed of eigenvectors of the operator L defined by ( fTSl ). Let H„ :— span{ei,...,e„} be the 
subspace with the norm inherited from H and let P„ : H ^ H„ be defined by ( |20l ). Let us 
fix m > 5 + 1 and let U be the space defined by ( fT6b . Consider the following mapping 

B„{u):^PnB{Xn{u),u), ueHn, 
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where Xn'H^His defined by Xn{u) = 9n{\u\ui)u, where 0,j : K— > [0, 1] of class such 
that 

0„{r)^l if r<n and 0„(r)=O if r>n+l. 
Since H„ C //, B„ is well defined. Moreover, B„ .H„^ H„ is globally Lipschitz continuous. 

Let us consider the classical Faedo-Galerkin approximation in the space i/„ 

Mn(f) = PnUQ - [P„.<^Un{s)+B„{u„{s)) - P„/(s)] ds 

+ / / PnF(s {s ),y)fl{ds,dy) 
Jo JY 

+ f P„G{'',u„{s))dW{s), te[0,T]. (38) 
Jo 

Lemma 5.2. For each n e N, there exists a unique ¥-adapted, cddlag H„ valued process 
u„ satisfying the Galerkin equation i38\l . 

Proof. The assertion follows from Theorem 9.1 in iflTl . □ 

Using the Ito formula, see ifTTl or 11211 . and the Burkholder-Davis-Gundy inequality, see 
ll26ll . we will prove the following lemma about a priori estimates of the solutions u„ of 
([38b . In fact, these estimates hold provided the noise terms satisfy only condition ( l32l ) in 
assumption (F.2) and condition ( |35] ) in assumption (G.2). 

Lemma 5.3. The processes ( 

^«)nGN ^^ti^fy following estimates. 

(i) For every p £ [1,4 + 7] there exists a positive constant C\ (p) such that 

supE( sup \u„{s)\'^) <Ci{p). 

n>l 0<s<T 

(ii) There exists a positive constant C2 such that 

supElT \\u„{s)\\lds] <C2. 

n>l JO 

Let us recall that 7 > is defined in assumption (F.2). 

Proof. For all « G N and all /? > let us define 

T„(7;):=inf{f >0: \u„{t)\H > R} AT. (41) 

Since the process )),g[o t] I^'^dapted and right-continuous, T„(/?) is a stopping time. 
Moreover, since the process (m„) is cadlag on [0, T], the trajectories t !-> u„{t) are bounded 
on [0, T], P-a.s. Thus XniR) t T, P-a.s., as 7? f °°- 



(39) 



(40) 
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Assume first that p = 2 or /:> = 4 + 7. Using the Ito formula to the function (j) {x) := \x\p :- 
X e //, we obtain for all f e [0, T] 

\un (fAT„(7;))|'' = |P„Mor 

+ {p\un{s)\'' {u„{s)\-Pn£/u„{s)-Bn{Un{s))+P„f{s))]ds 

J^{(j){u„{s')+P„F{s,u„{s');y)) - ^{u„{s'))} fi{ds,dy) 

l-t/\T„(K) f _ 



tAr„{R) 
tAr„{R) 



{(j)'{u„{s-))\P„F{s,u„{s-y,y))}vids,dy) 

I rtAz„(R:) ^2 A 

' TT[P„G{s,u„{s))-^{P„G{s,u„{s))y] ds 



2 Jo 



'Ar„(R) . 

p\u„{s)\P-\u„{s)\P„Gis,u„{s))dWis)). 





\un{s ) 


p _ 





By O and O we obtain for all t e [0, T] 

+ {-p\u„{s)\'' \\u„{s)\\ +p\u„{s)\'' {u„{s)\f{s))}ds 

rtAXn(R) f _ 

+ J^{\u„{s )+P„F{s,u„{s 

j-tAx„[R) f _ 

+ J^xl^ni^^ )+P„F{s,u„{s 

- plunis')^ ^{u„{s')\P„F{s,Un{s');y))}v{dy)ds 
+ TT[P„G{^,u„{s))^{P„Gis,u„{s))y]ds 

■'At„ (fl) 

p\un{s)\"-^u„{s)\G{s,u„{s))dW{s)). 

Let us recall that according to ( fTSl l we have (^m|m) = ((m|m)) and thus 

2(j2/ m|m) — fl||M|P = (2 — fl)||M|p. 

Hence inequaUty ([35) in assumption (G.2) can be written equivalently in the following 
form 

\\Gis,u)\\%^^^Y^fj^<i2-a)\\uf + X\u\l + K, ueV, se[0,T]. 

Hence 

1 frAT„{R) ^2 A 

-J^ TT[P„G{s,u„{s))-^{P,G{^,u„{s))y] ds 



< 



^ I \u„{s)\P-^[i2-a)\Ms)f + X\u„{s)\^ + K]ds. 
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Moreover, by assumption (A. 1), ^ and the Schwarz inequality, we obtain for every £ > 
and for all s e [0, T] 

{f{s)\u„{s))<\f{s)\y,-\\u,M\v 

<\f{s)\y,\u„is)\+^m\l'+£\Wn{s)f 

and hence by the Young inequality 

ip„«or+pi«„(.)i''-'(i/wiv,i«„wi+^i/(.)i^, 



+|P„«o|'' + p|/(5)lv'l««(^)l'^-'+p(^l/WI^ + ^^^)l««(^)l''"' 



<c + ci\u„{s)\'' 
for some constants c,ci > 0. Thus 



M„ (fAT„(/?)) I'' l)(2-fl)]y^ |M«(i)|'' \\u„{s)\\ ds 

+ Ci / ds 

Jo 

rtAr„iR) f _ - IP I - \P^ 

^ Jo _/}, t- 1 )+P„F{s,Un{s );y)\ -\un{s )\ )f]{ds,dy) 
j^{\u„{s')+PnF{s,Un{s');y)\'' - |m„(s")|'' 



< c 

ftAt„(R) 

fAT„(ff) 



p\un{s )!'' ^{un{s )\P„F{s,u„{s );y)) V (dy)ds 

'At,, («) 

p\u„{s)\P-^{u„{s)\Gis,u„{s))dW{s)). (42) 

Let us choose e > such that p — pe — jp{p — 1 ) (2 — a) > 0, or equivalently, 

e<l-i(/,-l)(2-fl). 

Note that since by assumption (G.2) a<E (2 — 5^,2], such an e exists. 

From the Taylor formula, it follows that for each p >2 there exists a positive constant 
Cp > such that for allx,h E H the following inequality holds 

lk+/^i^-w^-pwr'w^l<^^p(wr'+i/^ir')H?/- (43) 

By (|43j, (O and (gB, the process (M„(f A '^niR))),^p jy where 

M„{t) ^{|M„(i")+P„F(s,M„(.r);y)|''- |M„(.r)|''}fj(t/i,t/y), 

? e [0,r], is an integrable martingale. Hence E[M„{t A x„{R))] = for all t e [0,r]. By 
(1351 ) and (|4T]), the process [N„(t A 'C„(/?)))jgjQ ^j, where 

N„{t):= J^\u„{s)\P-\u„{s)\G{s,u„{s))dW{s)), te[0,T] 



^ab< -i-o'i +-^b'i^- ifa,b>0,qi,g2 e (l,°o) and -!- + -!- = 1 . 
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is an integrable martingale and thus E[Nn{t A t„ (/?))] = for all t e [0, T]. 
Let us denote 

In{t):= J^{\u„{s-)+P„F{s,u„{s-y,y)\''~\un{s-)\'' 

~/?|M„(i-)|""^(M„(i-)|P„F(i,M„(i-);3;))^}v(fl'y)t/i, te[0,T]. (44) 
By (|43]) and ( l32b we obtain the following inequalities 

\Ut)\ 



<CpJ^J^\P„F{s,Un{s );y)|^{|M„(i )|^ ^+ |P„F(i,M„(i '^}v(J3')^^s 

_2 2 

<cp {C2|m„(.0|^ (1 + 1""!'')!//) + |M„(s)|^)}t/s 

for some constant Cp > 0. Thus by the Fubini Theorem, we obtain the following inequality 

E[\l„{t)\]<Cpt + CpJ^^E[\u„{s)\''^]ds, te[Q,T]. (45) 

By dUli and (|45]l, we have for all t e [0, T] 

E[\u„{tAz„{R))\''jj] 



tAz„{R) 



T/\t„(R) 



M„(i)|^ ^\\Un{s)\\^ds 



r ' n IP! 

< c + CpT + {ci+Cp) J E[\u„{s)\^\ds. 



(46) 



In particular, 



E[|M„(fAT„(7;))|;^] <c + CpT + {ci+Cp) 



■tAz„ (fl) 



E[\u„{s)\''^]ds. 



By the Gronwall Lemma we infer that for all f e [0,T]: E[\u„{t A T„{R))\''] <Cpforsome 
constant Cp independent of f S [0,T], R > and n e N, i.e. 



sup sup E[\u„{tAT:„{R))\'^] <Cp. 

n>\-te[0,T] 



Hence, in particular. 



supE 

H>1 



|m„(s)|^c/s 



for some constant Cp > 0. Passing to the limit as R'l °o, by the Fatou Lemma we infer that 



sup II 



\u„{s)\''^ds 



By (|46ll and (03, we infer that 



supE 

n>l 



TAT„{R) 



M„(i)|j^ ^\\u„{s)\\'^ds 



<C„ 



(47) 



(48) 
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for some positive constant Cp. Passing to the limit as ^ f °° ^iid using again the Fatou 
Lemma we infer that 



supJJ 

n>l 



|m„(5)|^ ^\\u„{s)\\^ds 



(49) 



In particular, putting p := 2 by (O, ( |49] l and (|47] | we obtain assertion ( l40b . 



Let us move to the proof of inequality ( [39] l. By the Burkholder-Davis-Gundy inequality 
we obtain 



E 



sup \M„{rAT„{R))\ 

re[0.r] 

rAr„{R) 



sup 

rG[0,r: 



<KpE 



JY 
.fAT„ (fi) 

JY 



Un{s )+P„F{s,Un{s |^ - | M„ )\'lj}fi{ds,dy) 



(50) 



for some constant Kp > 0. By ( |43] l and the Schwarz inequality we obtain the following 
inequalities for all x,h £ H 

Hence by inequality ( |32| | in assumption (F.2) we obtain for all s e [0, T] 

j^{\un{s')+PnF(s,u„{s-)\y)Y^~\un{s')\^^fv{dy) 
<2p^\u„{s-)f^'^ l^\F{s,u„{s-);y)f^v{dy) 
+4cl\u„{s-)\l'-^ J^\F{sMs'y,y)\HVidy)+4clJ^\FisM^^ 



(51) 



for some positive constants C,-, i — 1, ...,4. By (ISTT i and the Young inequality we infer that 

\u„{s') + PnF{s,u„{s');y)\''jj - \un{s')\1j)^v{dy) <K\ + K2\un(s' 
for some positive constants Ki and K2. Thus 

y^(|M„(i")+P„F(5,M„(i");3')|j^- \u„{s')Yjj) v(dy)dsj ~ 
<VT%+^_l^j^ |M„(i)|jt/5j . (52) 



•rAT„(«) 
77 
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By dSOl l. ( I52I ) and ( |47] | we obtain the following inequalities 

E 



sup \M„{rAT„{R))\ 
re[0,t] 



<KpVTri+Kpy/K^E 



fAT„(ff) 



sup |M„(iAT„(/;))|J^ 

.vG[0,r] 



sup \u„{sAt„{R))\^ 

se[Q,t] 



~kIK2¥. 







>) 


jtAz„ (R) 


Un{s) 


- r-rAtiAR) 






-Jo 


\un{s) 



- 4 



sup \u„{sAt:„{R))\^ 

•.vG[0.r] 



(53) 



where K = Kp\/TK\ +KpK2Cp. (The constant Cp is the same as in (|47]|). 
Similarly, by the Burkholder-Davis-Gundy inequality we obtain 



E 



sup \N„ir/\T„{R))\ 

AT„(R) 

p\u„{s)\P-\un{s)\P„G{s,u„{s))dW{s)) 



sup 

TG[0,f] 



< Cp-E 
<CpE 



\u„{s)\^'' ^ ■ \\G{s,u„{s))\\%,^^^Y.H)ds 
1 - /-mTnW 



[sUp^|M„(iAT„(«))|''j ^ |«„(i)|'' 2||G(^,M„(i))|||,^^.(y,^)fl'5 

By inequality ( l35T l in assumption (G.2) and estimates ( |49] l. ( |47] | we have the following 
inequalities 



E 



<Cp-E 



sup \u„{sAT„{R))\'' 

.vG[0.r] 



a 



sup \N„irAT„{R))\ 

re[0.t] 

\u„{s)f-^-[X\u„{s)\^ + K+{2~a)\\u„{s)f]ds 



<-E[sup \u„irAT„{RW] 



relo,t] 



-C^p^E 



tAT„{R) 



[X\u„ + K\u„ {s)f-^ + (2 - «) I I 1 1 «„ (s) 1 1 2] 



p-2| 



< -E[ sup \u„{rAT„{R))\P] +R, 



(54) 



re[0,t] 



where K = C p [XCp + KCp-2 + (2 — a)C2]- (The constants Cp,Cp-2 are the same as in 
Wi) and C2 is the same as in Therefore by (|42| for all t £ [0, T] 

\u„{t At„{R))\'' <c + ci \u„{s)fds+ sup \M„{rAT„{R))\ 

■fO re[Q.T] 



\I„{TAT„{R))\+ sup \N„{rAT„{R))l 

re[0,T] 



(55) 
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where /„ is defined by (l44l i. Since inequality dSSl l holds for all t e [0, T] and the right-hand 
side of (|55] | in independent of f , we infer that 



E 
+E 



sup \un{t AX„{R))Y 

te[Q,T] 



< c- 



sup \M„{rAT„{R))\ 

re[0,T] 



-E 



-ciJE / \Un{s)\^ ds 
I„{T/\T„iR))\ 



sup \N„{rAT„{R))\ 

'■e[o,T] 



(56) 



Using inequahties ( |47] l. ( |53] l. ( |45] l and ( |54l ) in ( |56] l we infer that 



E 



sup|M„(f at„(7;))|'' <Ci(p) 



for some constant Ci (/?) independent of « e N and R > Q. Passing to the limit as R ^ 
we obtain inequality (|39] l. Thus the Lemma holds for p G {2,4 + 7}. 



Let now p e [l,4 + 7)\ {2}. Let us fix n e N. Then 

l««(OI^; = (l««(OI^^')^ < ( sup |«„(0l^+'')^^ 



f e [o,r] 



Thus 



te[o.T] 

and by the Holder inequality 



sup |M„(f)|^< ( sup \u„{t)fH^)^' 



E 



< E 



sup |M„(f)|^^^) 



< E 



4+y 



sup |M„(f)|// 

■rG[0,rl 



Since n e N was chosen in an arbitray way, we infer that 



3Tr 



< [Ci(4 + 7)]^^ 



supE 



sup \u„{t)\'jj 

■rem 



<Ciip), 



where Ci (p) ~ [Ci (4 + 7)] . The proof of Lemma is thus complete. 



□ 



5.2. Tightness. Let m > ^ + 1 be fixed and let U be the space defined by ( fT6l ). We will 
apply Corollary [33] with q := 2. So, let us consider the space 

iT lIXO, T-V) n l\0, T-Hioc) n D([0, T]-u') n B([0, r];//,,). (57) 

For each n e N, the solution u„ of the Galerkin equation defines a measure ^{u„) on 
(iF, 3^^). Using Corollary 13.51 we will prove that the set of measures {^{u„),n £ N} is 
tight on {2f, S^). The inequalities ( [39] l and (|40] | in Lemma 1573] are of crucial importance. 
However, to prove tightness it is sufficient to use inequality (l39] l only with p = 2. 



Lemma 5.4. The set of measures {^(M„),n eN} is tight on {3f,^). 

Proof. We will apply Corollarv 13.51 By estimates (l39] l and (140] |. conditions (a), (b) are 
satisfied. Thus, it is sufficient to prove that the sequence (Mn)„gi^ satisfies the Aldous 
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condition [A] in the space U' . We will use Lemma |63] in Appendix A. Let be a 

sequence of stopping times such that < T„ < T . By dSSl l. we have 

M„(f) = P„UQ- P„S!/u„{s)ds- Bn{un{s))ds + j^^ P„f{s)ds 

=:yj'+^2(0+-/3(0+4(0+-/5"(0+-/6(0, f e [o,r]. 

Let > 0. We will check that each term 7", i=l,...,6, satisfies condition ( [89] i in Lemma 



Since i?/ : V — ?> V' and [^/(m)!^/ < ||m|| and the embedding V' ^ U' is continuous, by the 
Holder inequality and (|40] |. we have the following estimates 



E[|y2«(T„ + 0)-y2"(T„)|y,] =E 



T„+e 



< cE 
<cE 



Le/M„(s) L, ds 



\u„{s)\\^ds 



< cE 



T„+e 



M„(5)|| ds 



<Ca/C2-02 =:c2-02. 



Thus J" satifies condition ( l89l l with a = 1 and j3 



2- 



Let us consider the term J". Since m > | + 1 and [/ ^ V,,,, by (fTZt and ( |39] l we have the 
following inequalities 



E[|73"(T„ + 0)-y^(T„)|(,,] =E / B„{u„{s))ds 



T„+e 



< cE 



\b(u„{s)) \y, ds 



<cE 



\B\\ ■ \u„{s)\^ds 



<c||B||-E[ sup \u„is)\l] •0<c||B||Ci(2)-0=:c3-0, 

.■i£[0,T] 

where stands for the norm of B : H x H V,,,. This means that /" satisfies condition 
with a = P — I. 



Let us move to the term J^. By the Holder inequality, we have 

E[\j"^{T„ + e)-J^{T„)\^,] <cE\ ["^%„fis)ds 
< c- 02 -E 



v 



\fi^)\l'dsy =c-0i -11/11^2(0,7..^/) =:c4-02. 



Hence condition ( [89] l holds with a = 1 and j3 = A. 
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Let us consider the term J'^. Since H ^ U', by ( l29l ). condition (l32l l with p = 2 in Assump- 
tion (F.2) and by (l39l ). we obtain the following inequalities 



P„f (s,M„(s);y) f7(c/s,<iy) 



E[|7^(T„ + 0)-7^(T„)|'y,] 



<cE 



:CE 



P„F{s,u„{sy,y)fi{ds,dy) 



I 1 2 

|P„F (i, M„ (i) ; y) I ^ V ((i3')t/i 



<CI 



(l + |M„(s)||,)t/s 



<C-0-(l+E[ sup |M„(i)|^]) <C-(l+Ci(2))-0=:c5-0. 

iG[o,r] 

Thus satisfies condition ( [89l ) with a = 2 and j3 = 1 . 

Let us consider the term J^. By the Ito isometry, condition ( |36] | in assumption (G.3), 
continuity of the embedding V' ^ f/' and inequality ( [39] l, we have 



E[|76"(T„ + 0)-yM|J,,] 



P„G(i,M„(i))t/W(i) 



<cE 



(l + |M„(,?)||,)t/,? <c0(l+E[sup |m„(5)|^]) <c(l+Ci(2))0. 



.vG[0,r] 



Thus satisfies condition ( [89l ) with a — 2 and )3 = L 

By Lemma |63] the sequence (Mn)„£pj satisfies the Aldous condition in the space U'. This 
completes the proof of Lemma. □ 

We will now move to the proof of the main Theorem of existence of a martingale solu- 
tion. The main difficulties occur in the term containing the nonlinearity B and in the noise 
terms F and G. To deal with the nonlinear term, we need inequality ( [39] l for some p > 4-. 
Moreover, we will see that the sequence (m„) of approximate solutions is convergent in 
the Frechet space L^(0, T;Hi„c)- So, we will use the property of the mapping B contained 
in Lemma 153] below. Analogous problems appear in the noise terms, where assumptions 
(F.3) and (G.3) will be needed in the case when the domain ^ is unbounded. For simplicity 
we assume that dimFiy = 1, i e. we consider one-dimensional cylindrical Wiener process 
W{t), t g [0, T]. Construction of a martingale solution is based on the Skorokhod Theorem 
for nonmetric spaces. The method is closely related to the approach due to Brzezniak and 
Hausenblas IS). 

5.3. Proof of Theorem l5.ll By Lemma l54l the set of measures {^(M„),n e N} is tight 
on the space ( ^). Let Tj„ := rj, n e N. The set of measures {^{rin),n e N} is tight 
on the space M^([0,r] x Y). LetW„ ■.^W,n€ N. The set {^{W„),n € N} is tight on the 
space '^([0,r];M) of continuous function from [0,r] to M with the standard supremum- 
norm. Thus the set {if (m„, ?]„, W„),n G N} is tight on ^ x Mj^([0, T] xY)x '^{[0,T];M.). 



By Corollarv 17.31 and Remark 1741 see Appendix B, there exists a subsequence (niOigpj, ^ 
probability space (i2,#,P) and, on this space, ^xMf^{[0,T] x F) x <r([0, r];R)-valued 
random variables {u^,,r|^,,W^,), {il i^, fj i^, Wi^), k eN sxxchthat 

(i) ^{iui„fjk,Wk)) -^((m„,,T7„,,W„J) foralUeN; 

(ii) {ui,,fik,Wk)^ (m,,tj*,W*) in ^xMpj([0,r] x F) x <^([0, r];R) with probability 
1 on (i2,#,P) ask~^oo- 
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(iii) (Tji.(a)),Wi(a))) = (Tj4a)),W*(fi))) forallo) 
We will denote this sequences again by ((m;;,J7«, W,,))^^^^^ and ((m„, fln,W„))^^j^. Moreover, 
fjn, n € N, and are time homogeneous Poisson random measures on {Y,&) with inten- 
sity measure v and W,,, n G N, and W* are cylindrical Wiener processes, see |6l Section 9]. 
Using the definition of the space iF, see (l57l). in particular, we have 

M„-^M* in L^^_(0,r;y)nL^(0,r;//z„,.)nD([0,r];f/')nD([0,r];//„,) P-a.s. (58) 

Since the random variables m„ and m„ are identically distributed, we have the following 
inequalities. For every p [1,4 + /] 

supE( sup \u„{s%)<Cx{p). (59) 

n>l 0<i<r 

and 

supE[/ \\u„{s)\\lds\ <C2. (60) 
«>i ^0 

Let us fix V e U . Analogously to |6 1, let us denote 

J(f„{u„,f\n,W„,v){t) := (m„(0)|v)^ 

+ {P„£/u„{s)\v)ds + {B„{a„{s))\v)ds 

+ {P„f{s)\v) ds + {P„F{s, a„ {s-);y)\v)^ fluids, dy) 

+ l^j'^PnG{sMs))dWn{s)\v^ (61) 

and 

^(MH.,TjH.,W*,v)(f) (m*(0)|v)^ + ^ {s/u^{s)\v)ds + {B{u^{s))\v)ds 

+ ds + j'J^{F{s,u,{s-)-y)\v)^f\,{ds4y) 

G{s,u,.{s))dW^{s)\\^, fe[0,r]. (62) 



Step l". We will prove that 

lim||(M„(.)|v)^-(M4-)|v)^||^2([o,r]xn)=0 ^^3) 

and 

lim ||J^;(M„,f7„,W„,v)-^(MH.,i7*,WH.,v)||^2([0 7-]xn) =0. (64) 

To prove ( l63T l let us write 

ll(««(-)K'),/-(«*(-)K'),/lli2([o,r]xa) 

= j^j^ \{unit)~u4t)\v)^fdtF{dco)^Ej^ \{u„{t) ~ u4t)\v) ^ 



^dt 



Moreover, 



I (Mn(0 ~ dt ^ |(M„(f) - MH.(f)k)j//,j/l dt 

< Ml f K{t)-u4t)\l,dt. 
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Since by (|58]l m„ m* in D([0,r];f/') and by (HHl sup^gp -f] \u„{t)\j] < °°, P-a.s. and the 
embedding H ^ U' is continuous, by the Dominated Convergence Theorem we infer that 
P-a.s., u„^u^ mL^{0,T;U'). Then 

lim / I (M„(f) - M*(f)|v)„| dt^O. (65) 
„—).«> Jo ' ^ ' " ' 

Moreover, by the Holder inequahty and ( |59] l for every n e N and every r G ( 1 , 2 + |] 



(66) 



M„(f) — M*(f)|^c/f < cE y (|M„(f)|^ + |M*(f)|^)lif 

<cE[ sup |m„(0|^'"] <cCi(2r) 
te[Q.,T] 

for some constants c, c > 0. By i65[ . ( l66b and the Vitah Theorem we infer that 

rT 

0, 



limE 

77— 5.00 



(M„(f)-M*(f)|v) I dt 

i.e. ( |63] l holds. 

Let us move to the proof of (|64| |. Note that by the Fubini Theorem, we have 

1 1 X (m„ ,?]„, W,, , v) - jr(M* , 77* , IV* , v) 1 1 ^2 ([0,7-] X a) 



I Jg;, (m„ , fj„ , W„ , v) (f) - jr(M* , tj* , W* , v) (f) I df{(o)dt 

= ^\J^n{u„,f\„,Wn,v){t)^J(^{u^,^^,w^,v){t)f]dt. 



JO Jn 



We will prove that each term on the right hand side of (6l\ tends in L^{[0, T] xi2) to the 
corresponding term in 



Since by ( fSSl ) u„ — ^ in D(0, r;//^,) P-a.s. and is continuous at f = 0, we infer that 
(m„(0)|v)^ (mh.(0)|v)^ P-a.s. By and the Vitali Theorem, we have 

1 2" 



limE 



(M„(0)-M*(0)|y)^| 



0. 



Hence 



jim||(M-„(0)-M*(0)|y)^||j2(pT]xn) 



(67) 



By dSST l M„ ^ M* in L^,,(0,r;y), P-a.s. Moreover, since vet/, P„v v in V, see Section 
2.31 Thus by relation ( fTSl l we infer that 

lim / (P„£/u„(s)\v) ds = \im / ((M„(i)|f„v)) c/^ 

((M*(i)|v)) c/i = (M*(i)|v) £/i. (68) 

By ([nil. Lemma |TT] the Holder inequality and ^ for all t e [0,T], r e (0,2 + 7] and 
n e N 



E 



< c V 



(P„i2/M„(.s)|v) ds 

f 

'0 



2+r 



:E 



{u„{s)\{A~I)P„v)^ds 



2+r 



Un{s)f'^'' ds 



< cE [ sup I M„ (s) \l+'']< cCi (2 + r) (69) 

0<i<7' 
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for some constants c, c > 0. Therefore by 
for all t e [0, r] 



and the Vitali Theorem we infer that 



limE 



Hence by i59i and the Dominated Convergence Theorem 



lim 



dt^O. 



(70) 



Let us move to the nonlinear term. We will use the following auxilliary result proven in 
||9l . (We recall the proof in Appendix D.) 



Lemma 5.5. (Lemma B.l in 1*91) Let u € L?{0, T;H) and let {u„)^ be a bounded sequence 
in L?{0, T,H) such that u„ ^ u in L^{0, T\Hi„(^. Let m> j + l- Then for all t £ [0, T] and 
all y/ G y„,; 



lim / (B(u„(s))\\i/) ds ^ [ (B(u(s))\\i/) ds. 
«^~Jo Jo 

(Here (-I-) denotes the dual pairing between the space V„i andVl,^.) 



□ 



Let us fix m > f + 1. Since by (l60l l and dHJ the sequence (m„) is bounded in L^(0, T,H) and 
by (|58]l M„ in L^{Q, T-Hioc) P-a.s., by Lemma|53]we infer that P-a.s. for all t e [0, T] 
and all v G Vm 

lim / (B{u„{s))-B{u4s))\v)ds = 0. 

n^~JO 

It is easy to see that for sufficiently large « e N 

B„{u„{s))^P,B{un{s)), se[OJ]. 

Moreover, ifv£U then P„v — > v in ¥,„, see Section l231 Since U C Vm, we infer that for all 

V e f/ and all t e [0, T] 

lim [' (B„{u„{s))-B{u4s))\v)ds = Pa.s. (71) 

«^~Jo 

By the Holder inequality, and (|59]l we obtain for all t e [0, T], r e (O, |] and n e N 



E 



< CE 



(B„ («„(.?)) I v) <i.s 



<E 



\B„{u„{s))\i']'' ds 



Un{s)\^ji^^''^ds] <CE[sup |m„(s)|^'^+''^] <CCi(4 + 2r). 



In view of (fTTT i and ( |72] |. by the Vitali Theorem we obtain for all t E [Q,T 



lim ^ 



{B„{il„{s))-B{u,{s))\v) ds 



0. 



(72) 



(73) 



Since by ^ for all t £ [0, T] and all n e N 

2n 



E 



(B„(M„(^))|y)t/i <cE[ sup \u„{s))\^] <cCi(4) 

J s£[0,T] 



for some c > 0, by (l73T l and the Dominated Convergence Theorem, we infer that 

2i 



lim [ E 



{B„{u„{s)) - B{u,{s))\v) ds 



dt^Q. 



(74) 



JY 
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Let us move to the noise terms. Let us assume first that v G ^ . For all t e [0, T] we have 

^ J^\{F{s,u„{s^);y)-F{s,u^{s');y)\v) \^dv{y)ds 
{F{s,u„{s');y) - F{s,u^,{s');y)\v)^\^ dv{y)ds 



\Fv{un){s,y) - Fy{u^){s,y)\ dv{y)ds 
\Fy{u„){s,y) - Fy{u^){s,y)\ dv{y)ds 

Jy 

~ ~ 2 

= ||/\.(m„) -/\.(M*)|li2([(),7-]x}';K)' 

where Fy is the mapping defined by ( l33T l. Since by ( fSST l m„ in L?{0,T;Hi„i.), P-a.s., 
by assumption (F.3) we infer that for all t G [0, T] 



JO Jy 



< 



lim 

«— ?-oo jQ Jy 



{F{s,u„(s );y)-F{s,u^,(s );y)\v)jj\^ dv{y)ds = 0. 



(75) 



Moreover, by inequality (|32] | in assumption (F.2) and by ( |59l ) for every t G [0, T] every 
r G (l , 2 + j] and every « G N the following inequalities hold 



E 



{F{s,u„{s );y)~ F{s,u^,{s );y)\v) dv{y)ds 



r' 



\F{s,u„{s );y)\^^+\F{s,u^{s );y)\^^} dv{y)ds 



<YC'2\v\l'E 



{2+\u„{s)\^+\u^,{s)\^}ds <c(l+E[sup |M«(i)|^'']) 

iG[o,r] 



<c(l+Ci(2r)) (76) 
for some constant c > 0. Thus by ( |75] |. (f76b and the Vitali Theorem for all f G [0, T] 



limE 



\{F{s,u„{s );y)-F{s,u^:{s );y)\v)\'^ dv{y)ds 



= 0, vGr. 



(77) 



Let now v E H and let e > 0. Since y is dense in H, there exists G ^ such that |v 
Vg\jf < e. By ( |32] | the following inequalities hold 



<2 



M„ {s');y) - M* (5" I v) | dv{y)ds 

L Iy ^ ('^')''y) ~ ■f'C^' M* k - ^e) I ^ dv{y)ds 

{F{s,Un{s');y) - F{s,u^ {s');y)\ve)\^ dv(y)ds 



JO JY 
ft 



<4C2eM {2+\u„{s)\^ + \u4s)\^}ds 



+2 J^\{Fis,u„{s-y,y) ~ F{s,u4s-y,y)\ve)\ dv{y)ds 
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Hence by (|59]l 

E 



\{F{s,u„{s );y)-F(s,M*(s );y)\v)f' dv{y)ds 



< 4C2E^E 

+2 



<ce^ + 2E 



{2+\un{s)\^^+\u^{s)\^^}ds 

I {F{s, u„{s');y) - F{s, m* (i" | Vg) \^dv{y)ds] 

{F{s, Un{s'y,y) -F{s, Ut{s'y,y)\ve)\^ dv{y)ds] . 



Passing to the upper limit as n ^ oo in the above inequaUty, by ( |77] ) we obtain 



UmsupE 



Jy 



\{F{s,Un{s );y)-F{s,Ut{s );3')|v) |^iiv(3')c/j 



Since e > was chosen in an arbitrary way, we infer that for all v e // 



limE 



{F{s,u„{s );y)~F{s,u^.{s );y)\v)f' dv{y)ds 



= 0. 



Moreover, since the restriction of P„ to the space H is the ( j j^-projection onto H„, see 
Section l231 we infer that also 



limE 



r' 

/O Jy 



{PnF{s,u„{s );y)-F{s,u^{s );y)\v)f' dviy)di 



= 0, V e H. 



Hence by the properties of the integral with respect to the compensated Poisson random 
measure and the fact that TJ„ = TJ*, we have 



limE 



{PnF{s,u„{s );y)~F{s,u^.{s );y)\v) %{ds,dy) 



= 0. (78) 



Moreover, by inequality ( [32l ) in assumption (F.2) and by (|59l ) we obtain the following 
inequalities 



E 

= E 



<2\v\j,E 



{P„F{s,u„{s );y)-F{s,u^{s );y)\v) fi^,{ds,dy) 
\{PnF{s,u,j{s'y,y) - F{s,Ut{s');y)\v) v{dy)ds 

CI, 



< 



PnF{s,u„{s y,y)\^ + \F{s,u^{s yy)\^} v{dy)ds 

2C2\v\Ie {2+\uJs)\l + \u,{s)\l}ds <c(l+E[ sup |m„(.9)|J^]) 
'-•'0 J i-G[o,r] 



<c(l+Ci(2)). 

By dTST l, ( l79b and the Dominated Convergence Theorem, we have for all v € // 

2n 



Hm / E 



{P„F{s,u„{s );y)-F(s,M*(s );y)|v) 77*(iis,c/y) 



dt=0. 



(79) 



(80) 



Since U CH,^ holds for all v G t/, as well. 
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Let us move to the second part of the noise. Let us assume first that v G 1^. We have 

\{G{s,u„{s)) - G{s,u4s))\v)f^^^^Y^^.^^ ds 

||(G(i,M„(s))-G(s,M*(i))|v)^||^^^,^y^.jjj ds 

/■''ii ~ ~ l|2 

: ||Gv(M„)(s)-G,,(M*)(i)||^^^.(5,^.jj)t/i 
= |1G,,(m„) -G,,(M*)||^2([oj-]._^^j,(y^^,.]U)), 

where Gy is the mapping defined by ( |37] |. Since by ( ISST l m„ in L^{Q,T;Hioc), P-a.s., 
by the second part of assumption (G.3) we infer that for all f £ [0, T] and allvGY 



< 



lim 

«— 7q 



\{G{s,Un{s)) - G{s,u4s))\v) ds = 0. 



(81) 



Moreover, by ( |36] | and ( |59] | we see that for every f e [0, T] every re ( 1 , 2 + |] and every 

||(G(i,M„(,?))-G(i,M*(i))|v)||_^^^jj,^^.jj,j £/i 
(l + |M„(i)|^'+|M,(i)|2;)flfi 



E 



<ci 
< c 



|i+e[sup \u„{s)\j}+ sup <c(l+2Ci(2r)) (82) 



for some positive constants c, cj , c. Thus by (ISTl i. (|82] | and the Vitali Theorem 



limE 

7,— j.oo 



fj I (G (i , M„ ) - G , M* (S ) ) I v) 1 1 j,^ .g) d.? 



for all V e r. 



(83) 



Let now v € V and let e > 0. Since y is dense in V, there exists e 7^ such that 
II V — Vglly < e. We have the following inequalities 

\{G{s,u„{s)) - G{s,u4s))\v)\\^^^^Y^^.^^ ds 



<2 



, ds 



I \\{G{s,Un{s)) - G(5,M*(5))|V- Vf) | 

+2 \\{G{s,Un{s))-G{s,u^{s))\vi)\\^^^^^^^,^^ds. 
Moreover, by inequality ( [36] l in assumption (G.3), we obtain the following estimates 

^ ||(G(i,M„(i))-G(i,M*(i))|v-V£)||^^^.^j,^.jjjt/i 
2 /"'ll - l|2 

<lk'-^£llv ||G(5,M„(i))-G(i,MH.(i))||^^^.(j,^.y,)t/i 

<c(l+ sup |M„(i)|^+ sup |MH.(i)|^)e^ 



iG[o,r] 



iG[o,r] 
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for some c > 0. Thus by (|59] | we obtain the following inequalities 



E 



^ ||(G(s,M„(i))-G(i,MH.(.s))|v)| 



<2c{l+2Ci(2)}e2 + 2E / \\{G{s,Un{s))- G{s,u^{s))\v^)f^ 



, ds 



Passing to the upper limit as « oo by ( l83T l we infer that for all v € V 



limsupl 



\{G(s,Un{s))~G(s,u^.{'^))\\) I 



<C£\ 



where C = 2c{ 1 + 2C\ (2) } . Since e > was chosen in an arbitrary way, we infer that 



limE 



, ds 



for all y e V. 



\\{G{s,Un{s))-G{s,u,.{s))\v) \\^^^i^Y^^,ji 
For every v G V and every s E [0, T] we have 



{P„G{s, u„ (s)) - G{s, (i)) I v) = {G{s, m„ |P„ v) - {G{s, | v) 
= {G{s,u„{s))\PnV ~ v) + {G{s,u„is)) - G{s,u^{s))\v) 

< ||G(s,M„(s))||^^^,(j,^ ;,,j||P„V-v||y + (G(i,M„(.?))-GG?,M*(i))|v). 

Thus by inequality ( l36b in assumption (G.3) and by ( |59l ) we obtain 



(84) 



E 



|(f„G(i,M„(i)) -G(i,MH.(i))|v) 



<2\\P„v-v\\lE / ||G(,9,M„(i))| 



+2E 



if„5(%,V") 
2 



|(G(.s,M„(i)) -G(s,M*(i))k) 



<2C|lP„v-y||^E / {l + \a„{s)\l)ds 



-2E 



|(G(s,M„(i))-G(i,M*(i))|v)||^^^^j,^. 



<2Cr(l+Ci(2))||P„y-v||2 



-2E 



\{G{s,u„{s)) - G{s,Ut,{s))\v) I 



, ds 



Since U CV and ||P„v - v||y ^ for all veU, see Sectionl231 by ([841 we infer that 



limE 



: for all v€U. 



Hence by the properties of the Ito integral we infer that for all t e [0, T] and all v G t/ 



limE 



[P„G{s,u„{s)) - G(i,M*(i))] t/W*(i)|v 



= 0. 



(85) 
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Moreover, by the Ito isometry, inequality (|36] | in assumption (G.3), and (l59l) we have for 
all t e [0, T] and all n e N 



E 





2-1 







\{PnG{s,U„{s))-G{s,U^{s))\v) 



, ds 



<c|i+e[sup \un{s)\]j+ sup \u,{s)\]i)\\ <c{l+2Ci{2)) (86) 
for some c > 0. By dSSl l, ( l86b and the Dominated Convergence Theorem we infer that 

jim^^E (^j'^[P„G{s,u„{s))-G{s,u4s))\dW^{s)\v'^^ =0. (87) 
By (|67ll, dTOll, dUll, (HqIi and dSTll the proof of dH is complete. 
Step 2". Since m„ is a solution of the Galerkin equation, for all t G [0, T] 

{u„{t)\v) ^ :^ X,{Un,nn,Wn,v){t), P-a.S. 

In particular, 

j\[\{u„{t)\v)jj-jen{u„,nn,Wn.v){t)f]dt = 0. 

Since ^ (m„ , Tj„ , W„ )= ^ (m„ ,?]„, ), 

^^E[| (M„(f)|v)^ - Jr„(M„,f7„,W„,y)(f)|^] off = 0. 
Moreover, by (l63]l and ( |64l i 

E [| (m* (f ) I v)^ - J^t«* , f?* , ^* , v;) (f ) I ^ ] A = 0. 
Hence for /-almost all t e [0, T] and P-almost all o) G H 

(mh. (OK')// - , T]* , Wh. , v) (f ) = 0, 

i.e. for /-almost all t £ [0, T] and P-almost all o e H 

u^.{s),u^. {s))\v) ds 



' {f{s)\x) ds- j'J^ {F{s, {s)-y)\v)^ % [ds, dy) 



G{s,u^{s))dW,.{s)\v^ =0. 

Since is jF-valued random variable, in particular m* G D([0, r];i/„.), i.e. m* is weakly 
cadlag. Hence the function on the left-hand side of the above equality is cadlag with 
respect to t. Since two cadlag functions equal for /-almost all t e [0, T] must be equal for 
all t e [0, T], we infer that for all t e [0, T] and all v^U 

{u,.{t)\v)^~ (m*(0)|v)^ + ^ {£/u4s)\v)ds + {B{u4s),u4s))\v)ds 
''^ {f{s)\v) ds-J^J^ {Fis, isy,y)\v)^ % [ds, dy) 



G{s,u4s))dW4s)\v) =0 P-a.S 
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Since U is dense in V, we infer that the above equality holds for all v G V. Putting u: = u^,, 
f] TJ* and W W*, we infer that the system (n,#,P,F,M, f),W) is a martingale solution 
of the equation dSOl l. The proof of Theorem lS.ll is thus complete. □ 

6. Appendix A 

6.1. The Aldous condition. Here (§,p) is a separable and complete metric space. Let 
(n,^,P) be a probability space with filtration F :— {■^t)te[OT] satisfying the usual hy- 
potheses, see [21 1, and let (X,,)^^-^ be a sequence of cadlag, F-adapted and S-valued pro- 
cesses. 

Definition 6.1. (see [19]) We say that the sequence (Z„) of S-valued random variables 
satifies condition [T] iff 

[t] Ve>0 Vt7>0 35 >0: 

supP{w[0 7.](X„,5) > 7]} < e. 

fJGN 

Let us recall that f] stands for the modulus defined by ( l2]T i. 

Remark. Let P„ denote the law of X„ on D ( [0 , T] , §) . For fixed t] > and 5 > we denote 

C^,5 {« e D([0,r],§) : W[o,r](«,5) > rj}. 

Then condition 

P{w[o.r](X„,5)>Tj}<e 

is equivalent to 

P„(C^,5)<e. 

Lemma 6.1. Assume that (X„) satifies condition [T]. Let P„ be the law ofX„ on 

©([O, r],§), n e N. Then for every e > there exists a subset C D([0, r],S) such that 

supP„(A£)> 1-e 

and 

lim sup W[o T\ — 0. (88) 

Proof. Fix e > 0. By [T], for each e N there exists > such that 

1 e 

supF{w[o.r](:^„,5^) > t} < 

Then 

supP{w[o,r](X„,5,) < i} > 1 - 

or equivalently 

supF„{M e D([0, r],§) : w[o,r] < |} > 1 - 

LetBk {m e D([0,r],§) : vvp.j-] (m, S^t) < {} and let A^ := nr=i^/i- We assert that for 
each n G N 

PniA^) > 1-e. 
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Indeed, we have the following estimate 

p„(D([o,r],§)\A,) <p„(B([o,r],§)\nB,) =P„(Q(D([0,r],§)\B,)) 

k=\ k=\ 



£p„(B([o,r],§)\B,)<i:wr 

1 ] — 1 



k=\ k=\ 

ThusP„(A£) > 1 - e. 



To prove (|88] ), let us fix e > 0. Directly from the definition of A^, we infer that sup,,g^^ 
W[o j-j (m, 5^;) < J for each A: e N. Choose fco G N such that ^ < £ and let 5o := 5^:^. Then 
for every 5 < we obtain 

which completes the proof of dSSl ) and the proof of Lemma. □ 



Now, we recall the Aldous condition which is connected with condition [T] (see fT^I, [221 
and 111). This condition allows to investigate the modulus for the sequence of stochastic 
processes by means of stopped processes. 

Definition 6.2. A sequence (^n)„GN satisfies condition [A] iff 

[A] Ve > Vt] > 35 > such that for every sequence {'^n)nm °f P-stopping 
times with x„ < T one has 

sup sup P{p(X„(t„ + 0),X„(t„)) >Tj} <e. 

neN o<e<s 

Lemma 6.2. (See 0191 . Th. 2.2.2) Condition [A] implies condition [T]. 

In the following Remark we formulate a certain condition which guaranties that the se- 
quence (^n)„gN satisfies condition [A]. 

Lemma 6.3. Let {E ,\\ ■ \\^) be a separable Banach space and let (^n)„gpj be a sequence of 
E-valued random variables. Assume that for every sequence ('C„)„gpj of¥-stopping times 
with T„ <T and for every neN and >Q the following condition holds 

E[(||X„(T„ + 0)-X„(T„)||f] <C0^ (89) 

for some a, /3 > and some constant C > 0. Then the sequence (^n)„gN satisfies condition 
[A] in the space E. 



Proof. Let us fix e > and T] > 0. By the Chebyshev inequality for every neN and every 
> we have 

1 CO^ 

P{||X„(T„ + 0)-X„(T„)||g>Tj} <— E[(||X„(T„ + 0)-X„(T„)||^] <— . 

Let 5 := (^^)^- Let us fix n e N. Then for every 9 e [0,5] we have the following 
inequalities 



»{|lX,(T„ + 0)-X„(T„)|l£ >77} < — < — 



C 



= e. 
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Hence 



sup P{||X„(T„ + 0)-X„(T„)||£>Tj}<e. 

O<0<5 



Since the above inequality holds for every n e N, one has 

sup sup P{||X„(t„ + 0)-X„(t„)||£> J?} <e, 

i.e. condition [A] is satisfied. This completes the proof. □ 

6.2. Proof of Corollarv l3.5l Let e > 0. By the Chebyshev inequality and by (a), we infer 
that for any r > 

1^ . ^l ^ \ ^ E[sup.g[o.rll^»(-^)l//] ^ Ci 

sup \Xn{s)\H > r] < ■ — ■ < — . 

se[O.T] J r r 

Let R\ be such that < f . Then 



sup \X„{s)\fj>R\ 

^.ve[o,r] 



e 

< - 
- 3 



LetBi := [u e ■ supv^p j.] \u{s)\jj <R\]. 

By the Chebyshev inequality and by (b), we infer that for any r > 

vj- -J 

Let R2 be such that ^ < 4. Then 



PfllXll E[ll^»III.(o.r.v)] ^ C2 
^UI^«llL''(o,r;V) > '^j S yc 75"- 



P(ll^«llL.(0,r;V)>^2)<|. 
LetB2 := {«£ : ||M|lL'/(o,r;V) ^-'^a}- 

Bv LemmaslOandlOthere exists a subset A e C D([0, r],^!) such that P„ (Ac ) > 1-| 
and 

lim sup w[o,r](M,5) =0. 
3 

It is sufficient to define as the closure of the set B\ 082 HA e in i^. By Theorem l3.41 
Ke is compact in The proof is thus complete. □ 



7. Appendix B: The Skorokhod Embedding Theorems 

Let us recall the following Jakubowski's version of the Skorokhod Theorem lITSll . see also 
Brzezniak and Ondrejat | lff|. 

Theorem 7.1. (Theorem 2 in fTSl). Let (^,t) be a topological space such that there 
exists a sequence (/„,) of continuous functions : — ^ M that separates points of ,% . 
Let be a sequence of valued random variables. Suppose that for every e > there 
exists a compact subset d such that 



supP({x„e/:£})> 1-e. 
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Then there exists a subsequence {^ni,)i^^fi, a sequence (J<:)^gp^ of valued random vari- 
ables and an ^ valued random variable Y defined on some probability space (£2,,J?,P) 
such that 

if(x„,) = if(y,), k=\,2,... 

andforall 0) G H; 

We will use the following version of the Skorokhod Theorem due to Brzezniak and Hausen- 
blas lH. 

Theorem 7.2. (Theorem E. 1 in f6l) Let E\,E2 be two separable Banach spaces and let 
Ki : E\ X £2 — >■ Ei, i — 1,2, be the projection onto Ei, i.e. 

£1 X £2 3 Z = iXuXi) T^iix) e Ei. 

Let {Q,, ,P) be a probability space and let J„ : £2 — > £1 x E2, n CzN, be a family of random 
variables such that the sequence {^aw{Xn),n € N} is weakly convergent on E\ x E2. 
Finally let us assume that there exists a random variable p E\ such that .f£aw{%\ o 

X„)^^aw{p\ VnSR 

Then there exists a probability space (n,^,P), a family of E\ x E^-valued random vari- 
ables {Xn,n CzN} on (n,,^,P) and a random variable X* : £2 — > £1 x E2 such that 

(i) J^awiXn) - ^awiXn), V« G N; 

(ii) Xn X* in E\ x £2 as.; 

(iii) TTi oXn{o)) = niox*{a)) for all d) e £2. 

Remark. Theorem 17.21 remains true if we substitute the Banach spaces E\,E2 by the 
separable complete metric spaces. 

Using the ideas due to Jakubowski flSl, we can proof the following generalization of 
Theorem l7.2l to the case of nonmetric spaces. Let us notice that in comparison to Theorem 
I7.2l we will assume that the sequence {^aw{Xn),n G N} is tight. The assumption of the 
weak convergence of {^aw{Xn),n G N} is not sufficient in the case of nonmetric spaces, 
seellTSl. 

Corollary 7.3. (Corollary 5.3 in f25l) Let be a separable complete metric space and 
let St^2 be a topological space such that there exists a sequence {/ijigp^ of continuous 
functions /, : 3^2 K separating points of 2^2- Let 2y :— x J?^ with the Tykhonoff 
topology induced by the projections 

;r; : X S2 -> ^, /=1,2. 

Let (f2,^,P) be a probability space and let Xn ■ ^ ^ 2\ x n G N, a family of 
random variables such that the sequence {J('aw{Xn),n G N} is tight on 5ly\ x J?^. Finally 
let us assume that there exists a random variable p : £2 — )• ^\ such that .^aw{TZ\ o x„) = 
^aw{p)for all n £ N. 

Then there exists a subsequence (z«<.)^gp^> o. probability space (£2, ^,P), a family of x 
^2-valued random variables {Xki k € N} on (i2,^,P) and a random variable x* '■ ^ ^ 
^\ X 3^2 such that 
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(i) ^aw{Xk) = ^aw{x„,)for all k G N; 

(ii) Xk ^ X* in J^i x a.s. as k — > oo; 

(iii) ni o Xk{o)) ^nio x*{o)) for all meO.. 

For the convenience of the reader we recall the proof. 

Proof. Using the ideas due to Jakubowski ifTSl . the proof can be reduced to Theorem l7.2l 
Let us denote 

Xn ^ {Xn I Xn ) I 

where x'„ ■= ^i°Xn, i = 1,2. Since the sequence {Ji'aw{Xn),n € N} is tight on JTi x 
we infer that the sequence {^aw{x^,),n S N} is tight on Let K,„ C ^2 be compact 
subsets such that Km C K,„+u m— 1,2, ... and 

&np¥{{x^eK,n})>l--. (90) 

neN m 

Let us consider the mapping / : ^2 defined by 

m := (/i(z),/2(z),...) = ^2. 

A„ if (/(z')) and K,„ :^ fiK,,,). 
On the set let us define the function 

4>(y) := min{m : y G K,„} ifye[j K,„ 

m=l 

4>(y) = +00 otherwise. 
Function <I> : — > N is lower semicontinuous, i.e.: if y„ — > yo in R'^, then 

Hminf<I>(3;„) > <I>(yo) 

From (|90ll it follows that 

• (J) < 00 (jl„-p.p.) for all n e N 

• and (/!„ o ' ) is a tight sequence of laws on N. 

Furthermore, the sequence of laws \^J^aw{f o x{i,^o f o x^), n G N} is tight on x N. 

Let us consider the product space JTi x (M^ x N) and let Pi := x (M^ x N) ^- JTi be 
the projection onto Si and P2 =^1 x (M'^ x N) ^ x N be the projection onto E'^ x N. 
Moreover let n e N, be J^Ti x (R^ x N)-valued random variables defined by 

where 

il-^X,] and ■=if°xl^°f°Xn), neN. 

Remark that the sequence of laws {^aw{^„),n G N} is tight on JTi x (R"^ x N). By the 
Prokhorov Theorem we can choose a subsequence {nk)i^^jq such that |^flw((^„j.). A: G N} 
is weakly convergent on x (E^ x N). Thus the subsequence (^nt)^gpj satisfies the 
assumption of Theorem l7.2l Hence there exists a probability space (H, P), a family of 
^1 x (R^ X N)-valued random variables {1^., ^ G N} on (£2, P) and a random variable 
^* : n X (RN X N) such that 

(i) ^flw(|A,) = ^flw(<^„J for alU G N; 

(ii) ^k in X (RN x N) a.s. as ;t ^ 00; 

(iii) Pi o 4(a)) = Pi o 4 {(b) for all d) G A. 
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Let us put 

xl:^Pio^„ ken. 

Notice that {P2°^k)i^^j^ is the Skorokhod representation for the sequence {f o Xni.j'^ ° 
f ° xDkeW Let Pio^k^ ill , T7|), where Tj/ : H ^ K^^ and Tj^ : A ^ N, ^ G N and let 
P2°£,* = {ril where : A ^ and Tj^ : n N. In the same way as in the proof 
of Lemma 1 in |il8J, we can prove that Tj^ — 4>(tj/), P-a.s., k eN. Since r]^ < o° P-a.s., 
we have 

sup<I>(77/) < oo P-a.s. 

kefi 

Thus for P-almost all 0) € H the values rj^ (o) belong to the (7-compact subspace U,n=i Km 
= /(|Jm=i^"i)- f restricted to c7-compact subspace is a measurable homeomor- 

phism, we can define 

Finally Xk is defined by 

Xk-={xiXk), ^eN. 
This completes the proof. □ 

In Section|5]we use Corollarv l7.3l for the space 

^2:=ir:=L2(0,r;y)nL2(0,r;i/,„,)nB([0,r];f/')nD([0,r];i/„). 

So, in the following Remark we will discuss the problem of existence of the countable 
family of real valued continuous mappings defined on 3f and separating points of this 
space. 



Remark 7.4. 

(1) Since L^(0, r;//;^^.) and B([0,r];f/') are separable and completely metrizable 
spaces, we infer that on each of these spaces there exists a countable family of 
continuous real valued mappings separating points, see Q, expose 8. 

(2) For the space i^(0, T\V) it is sufficient to put 

fn{u):^ £ {{u{t)\v„{t)))dteR, ueL^{Q,T;V), m e N, 

where {vm,m £ N} is a dense subset of L?{Q,T;V). Then {fm)m&i " sequence 
of continuous real valued mappings separating points of the space i^.(0, T\V). 

(3) Let Ho C H be a countable and dense subset ofH. Then by ( |23T ) for each h & Hq 
the mapping 

B{[0,T];H,,) 3u^ {ui-)\h)H ^ D([0,r];R) 

is continuous. Since D( [0, J] ; R) is a separable complete metric space, there exists 
a sequence {gi)i^jq of real valued continuous functions defined on D([0,r];R) 
separating points of this space. Then the mappings fj j, h G Hq, I € N defined by 

fh,i{u) ■.= g,{{u{-)\h)^), u e ©([o,r] ;//.,), 

form a countable family of continuous mappings on D( [0, T] ; H„) separating points 
of this space. 
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8. Appendix C: Some auxilliary results from functional analysis 

The following result can be found in HoUy and Wiciak, II16I . We recall it together with the 
proof. 

Lemma 8.1. (see Lemma 2.5, p.99 in II16I ) Consider a separable Banach space <I> having 
the following property 

there exists a Hilbert space H such that <I> C H continuously. (91) 

Then there exists a Hilbert space ^ {■] ■ ) ^) such that Jff C O, Jff is dense in <P and 
the embedding ^ <I> is compact. 

Proof. Without loss of generality we can assume that dimO = °o and <I> is dense in H. 
Since <I> is separable, there exists a sequence (<Pn)„gN C <t> linearly dense in <I>. Since <I> 
is dense in H and the embedding <I> ^ H is continuous, the subspace spanj^i ,(p2,...} is 
dense in H. After the orthonormalisation of {(p„) in the Hilbert space (H, (• | • we obtain 
an orthonormal basis {h„) of this space. Furthermore, the sequence {h„) is linearly dense 
in <I>. Since the natural embedding i : <I> ^ H is continuous, we infer that 

1 = \hn\m = |i(/i«)Ih < |i| • 

and 

^ <|l| forallneN. 



\h„\^ 

Let us take Tjo G (0, 1) and define inductively a sequence (rj„)„£i^ by 

Tj„ := , «=1,2,... 

The sequence (?]„) is strongly increasing and lim„^c>o?7„ = I. Let us define a sequence 

('•«)„GN by 

r„ := I I >0, M=l,2,... 
Obviously lim„^oc r„ = 0. Let us consider the set 

^ 11=1 ''n 

and the Hilbert space L^(N*,M), where jj. : 2^ [0,°°] is the measure given by the for- 
mula 

IJ.{M) ^ \, McN*. 

nGM ''n 

The linear operator 

l:Ll{n*,R)3^^'^^„h„eM 

n=l 

is well defined. Moreover, / is an injection and hence we may introduce the following inner 
product 

{■\-)^ := {■\-)^2or^ : X 3 {x,y) {l-^x\l-^y)^2 eR. 
Now, / is an isometry onto the pre-Hilbert space {J^, (-1 • )^) and consequently -Jf is 
(• I • ) ^-complete. Let us notice that for all x,y ^ M' 

n=l n n=l " 
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We will show that continuously. Indeed, let x e J^, \x\j^ <l. Then for each i e . 

\{x\hi)hi\^ = \{x\hi)\ ■ \hi\^ < ri\hi\^ = \|,^'~' \hiW = ^ ^'"^ = - ^i-i- 

2|rt,-|<i> 2 

Thus, for any k,n &N, k < n,wc have the following estimate 

n n 

£ [x\hi)hi < - '^'■-i) = - '^k- 

i=k+\ * i=k+\ 

Since in particular, the sequence :— Y!i=i {x\hi)hi) is Cauchy in the Banach space (3>, 

1$), there exists <p e ^> such that lim„_>.oo \sn — <p|<i> = 0. On the other hand, 

Sn = T!i=i {x\hi)hi ^ X in H. Thus by the uniqueness of the limit (jJ = x e 3> and 

n 

Y,{x\hi)hi^x inO. 
(=1 



Moreover, 



|x|<i, i — \s„\,t, < 77„ - T7o — ^ 1 - T70- 



Thus C continuously (with the norm of the embedding not exceeding 1 — 770). We 
will show that the embedding j : ^ <I> is compact. It is sufficient to prove that the ball 
Z := {x € : |x| < 1} is relatively compact in (<t>, | • |<j,). According to the Hausdorff 
Theorem it is sufficient to find (for every fixed e) an e-net of the set j{Z). 

Since lim„_^oo tj„ = 1, there exists n e N such that 1 — tj„ < |. The linear operator 

n 

(=1 

being finite-dimensional is compact. Therefore S„{Z) is relatively compact in (<I>, | • |$) 
and consequently there is a finite subset F c 3> such that S„{Z) c U<pez®*(<P) f )• 

We will show that the set F is the e-net for j{Z). Indeed, let x e Z. Then Sn{x) ^ x in 
(0), I • and 

\X-Snix)\^ 1^ ISf/ix) - Sn{x)\^ < T/iV - TJ„ ^ 1 - T/„ < |. 

On the other hand, 5„(x) S Sn{Z), so, there is 9 G F such that 5„(x) G ]B<i>(<j!), |). Finally, 

£ £ 

|x-<Pk< \x-Sn{x)\^+\Sn{x)-(p\^< 2 + 2 = 



i.e. xS B<i,((p,£). Thus 



zc y ©$(<)[),£). 



The proof is thus complete. □ 
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9. Appendix D: Proof of Lemma IsTsI 

Proof. Assume first that y/ E Then there exists R > such that supp is a compact 
subset of ^R. Then, using the integration by parts formula, we infer that for every v,w E H 



\{B{v,w)\yf)\ 



Or 



< 



(92) 



We have B{u„,u„) — B{u,u) = B{u„ — u,u„) +B{u,u„ — u). Thus, using the estimate 
and the Holder inequality, we obtain 



(b(m„ (s) , u„ {s)) I Xj/) ds ^ J (B {u{s) , M(i)) I V/) ds 

{B{un{s)~u{s),u„{s))\\if)ds + [ {B{u{s),Un{s)-u{s))\\l/)ds 



< 



<C- \\u„-u\ 



(ll"n|lL2(0,r;//^/J + ll"l 



«IIl2(0T;//^,j)IIV^IIv,„' 



where C stands for some positive constant. Since m„ — > m in L?{0, T\Hioc), we infer that for 
all V/ e 1^ 

lim j'^ {B{un{s))\\li) ds = j'^ (b(m(s)) 1 1//-) ds. (93) 

If 1/ e V,n then for every e > there exists E y such that Ww^VeWv,,, - ^- Then 

\{B{un{s))^B{u{s))\xir)\^ \{B{u„{s)) - B{u{s))\w ^ Ve)\ 
+ \{B{u,{s))^B{u{s))\We)\ 

< {\Biu„is))\^, + \Biuis))\y,) ■ II V/- Vfe\\v,„ 
+ \{Biu„{s))-B{u{s))\\l/e)\ 

< e{\un{s)\jj + \uis)\%) + \{B{unis))~Biu{s))\xi/e)\. 

Hence 



{B{u„{s))-Biu{s))\Y) ds 
<e f{\un{s)\l + \u{s)\l)ds+ I {B{u„{s))-B{u{s))\xi/e)ds 



(sup||i^„||^2(o.7';//) + ||M|li2(o,7';//)) + 1^^ {B{u„{s)) - B{u{s))\\i/i;)ds\. 
Passing to the upper limit as n — > we obtain 

Umsup| / (B{u„{s)) — B{u{s))\\j/') ds\ <Me, 

n— >oo Jo 

where M := sup„>j ||Mn 11^2(0 t h) + II"IIl2(o t h) ^ °°- Since £ > is arbitrary, we infer that 
holds for all y/ eV^. The proof of the Lemma l53] is thus complete. □ 
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10. Appendix E: Proof of Lemma [331 

To prove that m„ e I]>{[Q,T];Hh,), it is sufficient to show that for every h ^ H the real- 
valued functions (m„(-)|/i) are cadlag on [0,T], i.e. are right continuous and have left 
limits at every t E [0,T]. Let us fix n e N and to E [0,T] and let us assume that h E U. 
Since u„ E D([0, T];U'), there exists a eU' such that 

lim ||M„(f)-fl||y, =0. (94) 

In fact, a E H. Indeed, by assumption (i) m„([0, T]) C H and 

sup \u„{s)\h < r. 

iG[o,r] 

Let {tk)kim ^ ^ sequence convergent to Iq . Since \u„(tk)\H < r, by the Banach- 

Alaoglu Theorem there exists a subsequence convergent weakly in H to some b E H, i.e. 
there exists /^pj such that u„{tii^) — > weakly in // as / — >■ 0°. Since the embedding 
H ^ U' is continuous, we infer that 

Unihi ) ^ ^ weakly in f/' as / — > 00. 

On the other hand, by ( |94] l 

Unihi) CI in J/' as / — >■ 00. 

Hence a = b EH. 
We have 

|(M„(f)-fl|/!)^| = |(M„(f)-fl|/l)| < ||M„(f) -fl||y, • (95) 

By and (|95ll we infer that lim,^,„ («„(?) - fll/?)^ = 0. Now, let h E H and let e > 0. 
Since U is dense in H, there exists /ig E U such that j/; — /igj^ < £. We have the following 
inequalities 

\{u„{t)-a\h)^\ < \(un{t)-a\h-he)jj\ + \{un{t)-a\he)fj\ 

< \u„{t) - a\fj\h ~ hglff + \ (u„{t) - alhe) ^\ 

< 2£\\u„\\[^^^o j.H~^ + I {u„{t) ~ alh^) ^\ 
<2£r+\{u„{t)-a\hs)^\. 

Passing to the upper limit as f — > , we obtain 

limsup|(M„(f) — a|/i)^| < 2er 

Since e was chosen in an arbitrary way, we infer that 

Hm (^u„{t)—a\h^^~0. 

The proof of right continuity of u„ is analogous. 
We claim that 

u„^u in D([0,r];B„,) as « ^ 00, 

i.e. that for allhEH 

{u„\h) ^ ^ {u\h) ^ in D([0,r];M). 
By (ii) and Remark lTTI there exists a sequence {X„) C At converging to identity uniformly 
on [0, T] and such that 

Un o A„ — > M in U' 
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uniformly on [0, T]. We will prove that for all h^H 

(unoX„\h)^-^ {u\h)jj in M (96) 

uniformly on [0, T] . 

Indeed, let us first fix h eU. Then for all s E [0, T] we have 

\{u„oX„{s) - u{s)\h) ^\ = \{u„oX„{s)-u{s)\h)\ < ||m„oA„(.s) - M(.s)||jy,||/i||y. 



By RemarkITT] 

sup \{uf,o X„{s) — u{s)\h'^\ < sup \\u„o X„{s) — u{s)\\jj, ■ \\h\\jj 
i-G[o,r] sGp.r] 

as n — >^ oo. Moreover, since U is dense in H, the desired convergence holds for all h €H. 
Indeed, let us fix /; G // and e > 0. There exists he EU such that \h — /ie]// < £■ Using (i), 
we infer that for all s £ [0, T] the following estimates hold 



< 



u„oX„{s)-u{s)\h)^\ 
u„oX„{s)-u{s)\fj\h-he\fj+\ (m„o A„(i) - u{s) \he)jj\ 

< e • ||m„o A„-m||^=o(oj,.^) + \ {u„oX„{s)~u{s)\he)^\ 

< 2e ■sup\\u„\\^^,Qj.fj^ + \ {u„ o X„{s) - u{s)\h£) ^\ 

«gn 

<2er+ sup \{^u„o X„{s) — u{s)\hg^ 



Thus 



sup \(^u„oX„{s) — u{s)\h)^\<2er+ sup \(^u„o X„{s) — u{s)\hg) 

se[o,T] se[o.T] 

Passing to the upper limit as n oo we obtain 

limsup sup |(m„ o A„(i) — M(i)|/;)^| < 2re. 

Since £ was chosen in an arbitrary way, we get 

Um sup I (m„ o A„(.s') — u{s)\li) I = 0. 

Since D([0, r];B,v) is a complete metric space, we infer that u e D([0, r];B,i.) as well. By 
Remark lTTI this completes the proof of ( |96] l and of Lemma [331 □ 
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